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ABSTRACT

We introduce a notion which is intermediate between that of taking the
w*-closed convex hull of a set and taking the norm closed convex hull of
this set. This notion helps to streamline the proof (given in [FLP]) of the
famous result of James in the separable case. More importantly, it leads
to stronger results in the same direction. For example:

1. Assume X is separable and non-reflexive and its unit sphere is
covered by a sequence of balls {C;}2, of radius a < 1. Then for every
sequence of positive numbers {¢; 72, tending to 0 there is an f € X*,
such that |||l =1 and f(z) <1 —¢,, whenever x € C;, i = 1,2,.. ..

2. Assume X is separable and non-reflexive and let T: Y — X* be a
bounded linear non-surjective operator. Then there is an f € X* which
does not attain its norm on By such that f & T(Y).
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1. Introduction

Let X be a real Banach space and let A" be a w*-compact convex subset of X*.
A subset B C K is called a boundary for K if for every x € X thereisan f € B
so that f(z) = sup{g(z) : ¢ € K'}. Known results in the literature show that
under certain assumptions (if B is norm-separable [R] or if X is separable and
I; ¢ X, ie., X does not have a subspace isomorphic to {;, [G]) the set K is
the norm closed convex hull of B. The result of [R] mentioned above implies
the famous result of James [J] in the separable case. Indeed, let B be a closed
convex bounded and separable subset of the separable Banach space X so that
every f € X* attains its maximum on B. The w*-closure K of B in X** is
a w*-compact convex set. By the assumption B is a boundary for ii'. Hence,
by the result just quoted, the norm-closed convex hull of B (which is B itself)
coincides with A and thus B is weak-compact.

In [FLP] a new proof is given to the result of [R]. By analysing this proof we
were led to a new concept of generating a w*-compact convex set A by a subset.
This concept is intermediate between taking the w*-closed convex hull and the
norm-closed convex hull. In Section 2 we formally define this intermediate notion
and apply it to derive the results of [R] and [G] mentioned above. The proof of
these results is essentially the same as in [FLP] but the formulation is somewhat
different.

In Sections 3 and 4 we demonstrate that this new concept is of interest also in
some other contexts and use it to prove some new results. In Section 3 we take
a (usually non-closed) cone A in a separable space X with vertex at the origin
(i.e., z € A== Ar € A for all real A). We consider a subset B C Sx- such that
for any x € A with ||z|| = 1 there is an f € B with f(z) = 1. The question
we consider is “how massive has A to be in order that Bx- is the norm-closed
convex hull of B?” (we assume of course as before that either B is separable or
X 2 11). By using the method of proof in Section 2 we are able to give a quite
satisfactory answer to this question. It turns out that to get this result we have
to work not only with the given norm in X but with the set of all equivalent
norms.

We also prove in Section 3 that if X 2 /3, then for A to be massive enough for
our purpose it suffices that the complement of A can be covered by a proper op-
erator range (i.e., there is a Banach space Y and a bounded linear non-surjective
operator T: ¥ — X so that X ~ A C T(Y)). In particular, any cone A whose
complement is generated by a countable set will do.

In Section 4 we study, for separable non-reflexive X, the structure of the con-
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tinnous linear functionals on .X which do not attain their norm. This topic has
been studied quite a lot in the literature. We mention here just three results
which are relevant to our discusion in this paper.

(i) The theorem of Bishop and Phelps [BP] which states that for every closed
convex bounded k' C X the functionals which attain their maximum on A form
a norm-dense set in X*,

(ii) The theorem of Phelps [P] which states that if X has the Radon-Nikodym
property (RNP) the functionals which attain their norm on the unit ball form a
dense Gs-set in X* and thus those which do not attain their norm form a set of
the first category.

(ili) The result of Bourgain and Stegall (see [B], Theorem 3.3.5). This result
vields that if /A" is a non-dentable closed convex and bounded set in a separable
Banach X space, then the set of all support functionals of A forms a set of the
first category in X*.

Other papers which have some relevant results are [NR] and [JM].

One of the main results proved in Section 4 is that if X is separable and non-
reflexive and if we cover Bx by a sequence of balls {D,}2° , of radius ¢ < 1, then
for any sequence {£,}2° | with ¢, — 0 as slowly as we wish there is an f € X* of
norm 1 so that sup{f(x):x € D,} is at most 1 — ¢, for every n. This is proved
by the approach developed in Section 2.

Another result in Section 4 is that the set of functionals in X* which do not
attain their norm on By can never be covered by a proper operator range. Proper
operator ranges are sets of the first category of a special type. Thus it is of interest
to compare this result with the result (i) mentioned ahove.

For background to this paper and for notation we refer to the survey [FLP].
We just recall that if I\' is any set in a Banach space X, we denote (/') the set
of non-zero functionals in X* which attain their maximum on A’

2. Intermediate representation property

Let B be a subset of a w*-compact convex set K in the dual .X* of a Banach
space X. Besides the usual ways in which B can generate i, namely (W) (K is
the w*-closed convex hull of B) and (S) (A is the norm-closed convex hull of B),
we introduce now an intermediate way (I).

Definition 2.1: We say that B (I)-generates I if for every representation of B
as | Jo7_; C we have that /" is the norm-closed convex hull of |7, w* clco Cy,.
Equivalently, if B is the union of an increasing sequence of sets {C,,}°2, then
Urw, w*cleoCy, is norm-dense in A
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1t is clear that (S)={I})==(W). In general, none of these arrows can be in-
verted. If, for example, X = C[0,1]} and A" = Bx-, let B; = £Q (the rational
points considered in a natural way as a subset of K') and By = +[0, 1]; then B,
(W)-generate K, but clearly does not (I)-generate K. Also, By (I)-generates i
(see Theorem 2.3 below) but does not (S)-generate K.

In some important special cases (I) and (S) coincide.

ProPOSITION 2.2: Let B be a subset of a w*-compact set K in X*. Assume
that either one of the following hold:

(a) B is norm-separable.

{(b) X is separable and does not contain a subspace isomorphic to ;.
Then if B (I)-generates K it also (S)-generates K.

Proof: Assume that (a) holds, and let {h,}°2, be a dense sequence in B.
Let ¢ > 0 and put C, = (h, + ¢Bx~) N B. Then if B (I)-generates A then
K = cleolJ;, w* clcoCy. Since € > 0 is arbitrary it follows that A" = clco B.

Assume now that (b) holds and that B (I)-generates A but &K # clco B. Then
by the separation theorem there are an F' € X** and a constant a so that

sup{F(g): g€ K} >a>sup{F(g): g€ B}.

By the result of Odell and Rosenthal [OR] there is a sequence {x,}32; in X so
that F = w*lim, z,. Put C, = {g € K : g(x;) < a,i > n}. Clearly each C, is
w*-compact, |Jo, Cn, D B, and sup{F(g) : g € C,} < a for every n. Since B
(I)-generates K it follows that A = clcol oo, Cr and, in particular, F(g) < a
for every g € K, a contradiction. |

The main interest in (I) stems from the following result.

THEOREM 2.3: Let K be a w*-compact convex subset of X* and B C K be a
boundary. Then B (I)-generates K.

Proof: Without loss of generality we may assume that 0 € B. Let B = J;2, C;.

Fix an ¢ > 0 and a sequence of positive numbers {e;}32, so that Y o e; < €.
Put

foa]
Co=¢c9Bx+, Ki=co(KUGCy), Bi= U(l +&)Cy, V¥ =w"clco By.
i=0
Clearly B C co By and, since B is a boundary, it follows from the separation
theorem that Ky C V*. It is also clear that V* is a w*-closed body in X* with
0 € int V*. Let V be the polar of V* in X.
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By the Krein—-Milman theorem there is, for every f € V*, a probability measure
p on the w*-closure of By representing f, i.e.,

flx) = / Y g(z)dulyg), ze€X.

Let f € ¥(V) and z € 9V be such that f(z) = 1. It is clear that suppu C
w*clBiN{g € V*:g(x) =1}. We claim that this set is in turn contained in

!
U w* cl(1 + ¢;)C;

=0

for some finite I. Indeed, if that were not the case then, by using lim, ¢; = 0,
we would get {g € V* : g(z) = 1} N K # @ and thus max{g(z) : ¢ € K} =
max{g(z) : g € V*} = L. Since B = |J;=, C; is a boundary of A, it follows that
for some j there is an h € C;, with h(xz) = 1. However, since (1 +¢;)h; € V*
and (1+4¢;)h;(z) = 14¢; > 1 we have arrived at a contradiction, and our claim
is proved.
Put Dg = (1 +£5)Cp and, for n > 1,
n—1

Dy = w*el(1+ £,)Cp > | w” el(1 +¢,)Ci.
1=0

Let 0 = {n : g, = p(Dy) > 0} and let h,, be the barycenter of u; !y restricted
to Dy, n € 0. Clearly, h, € w*clco(l + £,)C, for every n € o. It is also clear
that f =3 c, ttahy. Put

9= Y. mn(l+en)  ha
ncon>0

Since 0 € B (and hence to some C,,n > 0) it follows that

0
g €clco U w* cleo C;.
i=1
Note that ||f — g|| < (1 4+ L) where L = sup{||t|| : ¢ € K'}. Consequently,
by the Bishop-Phelps theorem we get that for every f € 0V* thereisa g €
cleolJ2, w* cleo C; with ||f — g]| < e(L +2). The same is true for every f € V*
and, in particular, for f € K. Letting ¢ — 0 concludes the proof. 1
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Remark: That suppp C Ui:o w* cl{1 4 &;)C; for some finite | was not really
used in the proof above. What is essential is only the fact that

o0
supp p C U w*cl(1 + ¢;)C;.
=0
By combining Proposition 2.2 with Theorem 2.3 we get a new proof to the
following known corollary.

CoROLLARY 2.4 ([R], [G]): Let B be a boundary of a w*-compact convex K in
X*. Assume either of the following:

(a) B is norm-separable.

(b) X is separable and X 2 [;.
Then B (S)-generates K.

Corollary 2.4, (b) actually characterizes the spaces not containing a copy of {;
among the separable Banach spaces (see [FLP], Theorem 5.14 and the references
quoted in this paper).

3. Generalization of the notion of boundary

Let X be a separable Banach space and let W be the unit ball of some (equivalent)
norm on X. We denote by W* (resp. W**) the corresponding unit ball in X™
(resp. X**).

Definition 3.1: Let P be a subset of 9W. We say that B C 0W* is a P-boundary
if, for every x € P, there is an f € B with f(x) = 1.

We shall usually consider subsets P of 9W of the form P4 w = ANJW where
A is a cone in X with vertex 0 (i.e., z € A => Ar € A for every real \). The
reason we work here with cones A rather than just subsets of W is in order
to enable us to pass smoothly from one equivalent norm to another such norm.
In most of the results of this section we are forced to work with the class of all
norms equivalent to a given norm.

Our main interest here is in the following property:

(*) For any equivalent norm on X and any P4 w-boundary B we have that W*
is the norm-closed convex hull of B.

Property (*) is clearly a stronger version than the assertion in Corollary 2.4.
Therefore, it is not surprising that we will make (implicitly or explicitly) the
assumption that either (a) or (b) of Corollary 2.4 holds.

The situation is rather simple if X is reflexive.
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PROPOSITION 3.2: Let X be a reflexive space and let A C X be a cone. Then
(*) holds if and only if A is dense in X.

Proof: Let X be reflexive and P = ANSx be dense in Sx. Let f € strexp Bx~
and x € Sx be such that f(r) = 1. Let {&,}52, be points in P which converge
to x and let {f,}5%,; € B be such that f,{x,) =1 for all n. Then f,(z) — 1
and, since f is strongly exposed, ||f — f,|| — 0. Tt follows that the norm-closure
of B contains strexp Bx~. Consequently (see, e.g., [P]), clco B = Bx-.

Conversely, assume that A is not dense in .Y. Let = € Sx and § > 0 be such
that AN (= +dBx) = 0. Let h € Sx- be such that A(z) = 1 and let v be the
hyperplane {r € X : h(x) = 0}. Consider now the cylinder

W = co{£(z + (dBx N¥))}.

W is clearly the unit ball of an equivalent norm in X. We shall show that in
this norm (*) fails. Indeed, if x € AN OW then »r = Az + y with |A\| < 1 and
y € 0Bx N~. Hence for f € dW* with f(x) = 1 we have f(z) = 0 (otherwise
f would attain a value larger than 1 at z 4+ y or —z + y). It follows that for
B = S(P4w) we have B C =1 and, in particnlar, the closed linear span of B is
different from X*. ]

Remark: The “if” part of Proposition 3.2 characterizes reflexive spaces, at least
among dual spaces. Indeed, let X = E* A =Y(Bg),P=SxNAand B=Sg C
E** = X*. Then B is a P-boundary, A is dense in X (by the Bishop-Phelps
theorem) and (¥*) fails. On the other hand, reflexivity is not applied in the proof
of the “only if” part. We will come back to this observation helow.

We consider next the following property:
(**) clcoS(P4 w) = W™ for any equivalent norm on Y.

Note that in the statement of (**) no specific boundary appears. Obviously
(**)=(*). We shall prove helow that if (a) or (b) in Corollary 2.4 hold, then
(*)=(**) and this is in a sense a generalization of Corollary 2.4. The method
of proof will be similar to the arguments used in Section 2. Before we prove this
we make some comments on (**). We first note that by the separation theorem
(**) is equivalent to:

(***) For any slice

S(Fia)={feW":F(f)y>1-a}, FedW"™, ac(01)
of W* there is an f € S(F,a)NdW* and an x € P4 w with f(x) = 1.
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ProPOSITION 3.3: If Bx ™ A is not norming (Bx is the unit ball of some norm

in X and the assertion that Bx ~ A is not norming means that 0 is not an interior
point of clco{Bx ~ A}), then A has (*¥).

Proof: 'We note first that if Bx ™ A is not norming, the same is true for W~ A
for any unit ball of an equivalent norm. If A does not have (**) (or equivalently
(***)) there is a slice S = S(F,a) of W* for some equivalent norm so that, for
any f € Z(IW)YNAW* N S, there is an © € OW N A with f(z) = 1. By the
Bishop-Phelps theorem we may assume without loss of generality that F(g) =1
for some g € OW™*.

Put Wy = (—(1-a/2)g+S)N((1—a/2)g—S) and let W1 C X be the polar of
Wi, W) defines an equivalent norm on X. Since A is a cone (and thus symmetric
with respect to 0), for every f € W} N S(W1) there is an x € W, N A with
f(xz) = 1. Hence, by the separation theorem and the Bishop—Phelps theorem
clco(0Wy ~ A) = W; and this contradicts the assumption that W) ~ A is not
norming. ]

Remark: Proposition 3.2 shows that, in general, the converse to Proposition 3.3
is false. Indeed, let X be a reflexive space and let A C X be a dense cone such
that X N\ A is dense too.

We come now to the proof of the equivalence of (*) and (**) under the as-
sumptions (a) or (b) in Corollary 2.4. The main step in the proof is contained in
the following lemma.

LEMMA 3.4: Let B C Sx- be such that w*clcoB = Bx«. Assume that B =
U2, Ci, let € > 0 and {&;}2, be a sequence with 0 < ¢; < ¢ for every i and
lim; ¢; = 0. Put

o0
V* =w*cleo U(l +¢)C;, V={reX:sup{f(zx): feV*}<1}.
i=1
Then
) VCBxc(l+eV.
(ii) For = € OV Nint Bx, h € dV* with h(z) = 1, there is a finite [ such that
he CoU,lL-:1 w*elco (1 +¢;)C;.

Proof: (i) Clearly V* C (1 + ¢)Bx+ and hence Bx C (1+¢)V. To check that
V C Bx we prove that Bx- C V*. Since w*clco B = Byx- it suffices to show
that 0 € V*. Otherwise, we can find by the separation theorem an x € X and
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an a > 0 so that (1 +¢;)f(z) > a for every f € C;, 1 < i < co. This, however,
contradicts the assumption that w*clco B = Bx- (and thus that B contains
elements f with f(z) < 0).

(ii} The proof runs along the lines of the proof of Theorem 2.3 and thus we
present only an outline of the proof. Put By = | J;=,(1+¢;)C; and let h and z be as
in (ii), in particular ||z|| < 1. By the Krein-Milman theorem there is a probability
measure p supported by w* ¢l By representing h. Put v = {f € X*: f(2) = 1}.
Clearly, supp ot C w*cl By N y.

Next, we claim that v meets at most finitely many of the sets w* cl(1 + ¢;)C;.
Indeed, otherwise we would get (since £; — 0) that v meets Sx», but this contra-
dicts the fact that ||z|| < 1. Consequently, i is supported on Ué=1 w* cl(1+¢;)C;
for some finite [. ]

THEOREM 3.5: Assume that A is a cone in X and that (**) holds. Let P =
AN Sx. Then any P-boundary B (I)-generates Bx-.

Proof: By the “only if” part of the proof of Proposition 3.2, A is dense in X
(see the remark following Proposition 3.2). Thus B (W)-generates Byx-, i.e.,
w*cl B = Bx-.

Let B =J;2, C; and put D = clcolJ;2, w*clco C;. If D is a proper subset of
Bx-, then there are an F' € Sy« and a > 0 such that sup{F(f): f € D} < 1-a.

Take a sequence £;,0 < g; < «/2 and lim;g; = 0. Define V and V* as in
Lemma 3.4 and put Dy = cleolJ;2, w*elco (1 +¢;)C;.

Then sup{F(f):d € D1} < (1 —a)(1 + a/2) <1 —a/2. Assume that there
are an f € OV*NS(F,a/2) and an € OV N [ Bx with f(x) = 1. Then by
Lemma 3.4, f € Dy, which is a contradiction. Thus for any f € 0V* N S(F, a/2)
and x € 9V we have x € Sx. Such an 2 cannot belong to P. Indeed, since B
is a boundary for P there is a g € B such that g(x) = 1. However, this g € C;
for some i and (1 + ¢;)¢; € V*, i.e, (1 + &;)gi(x) > 1, which contradicts the
assumption that r € V.

Thus we have just proved that whenever f € 9V* N S(F,«/2) and z € 9V
with f(x) =1 we have x € Sy ™ P. This shows that (***) does not hold for A
and this contradicts our assumption. 1

COROLLARY 3.6: Let A he a cone in a separable space X. Assume that (**)
holds. Then for any Sx N A-boundary B we have clco B = Bx~ if either B is
separable or X 7 1;.
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If X\ A is a set of the first category, this does not guarantee that A has (**).
Consider the classical quasi-reflexive space J of James. There is an equivalent
norm on J such that in it J* is smooth (see, e.g., [S]). Taking this norm in J let
X=J"A=%(By)CJ*and P = ANS;-. Since J has the RNP it follows from
(ii) in the introduction that X ~ A is of the first category. Since the norm in X
is smooth, ¥(P) C J C J** = X*. Therefore clco(Sx~« N E(P)) C By, which is
a proper subset of Bx+ = Bj... Thus A fails to have (¥*).

There is, however, a thin subclass of the class of sets of the first category so
that if X \ A belongs to this thinner subclass then A always has (**) if X 2 ;.
This subclass is the class of all proper operator ranges. Recall that a subspace M
(not closed in general) of X is called a proper operator range if there are a Banach
space Y and a bounded linear operator T: Y — X such that M =T(Y) # X.

THEOREM 3.7: Let X be a separable Banach space with X 2 1;. Let M C X
be a proper operator range. Then A = X ~ M satisfies (*)

For the proof of this theorem we need 4 lemmas. The first two are standard
and we omit their proofs.

LEMMA 3.8: Let M C X be a proper operator range. Then either M is a closed
subspace of finite codimension or codim M = oo.

LEMMA 3.9: Let T: Y — X be a bounded linear operator from a Banach space
Y into X. The following statements are equivalent:

(i) codimT(Y) = oc.

(i1} For every subspace L of X* of finite codimension and every ¢ > 0 there is
an f € St such that ||T*f|| < <.

LEMMA 3.10 ([F]): Let A: E — X be a bounded linear operator from a Banach
space E into X with codim A(E) = oo. Let {2;}32, be a sequence in X and
{¢i}$2, be a sequence of positive numbers. Then there are sequences {y;}2,

o

in X and positive numbers {v;}52, such that ||x; — y;|| < &; for every i and

cleo{tvyi}52, N A(E) = {0}.

LEMMA 3.11: Let T: Y — X be a bounded linear operator from a Banach
space Y into a Banach space X such that codimT(Y) = co. Let {2:}$2, be a
normalized basic sequence in X that has a w*-limit point F € X**~X. Then
there are a subsequence {z;, 132, of {}$2, and a basic sequence {uy}p>, in
X such that limy ||z;, — ug|| = 0 and the closed linear span [ug)7, of {ur}R,
satisfies [ug]?2, N T(Y) = {0}.
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Proof: Put L; = Ker FF C X*. By using Lemma 3.9 find an f; € Sp, with
[|T* f1]] < 272. Since 0 is a limit point of the sequence {f1(z;)}52, it follows that
there is a z;, with |f;(z;,)] < 272. Clearly,

sup{fi(tz;, + Ty): t € [-1,1),y € By} < 27L.

Let vy € Bx be such that fi(vy) > 1 —27' Put Ly = L1 N[z, v]t. Choose
f2 € Sp, with ||T* f2|] < 272 and, by using that F is a w*-limit point of {z;}$2,
and f1, fo € Ker F, find a z;,,42 > iy, with |fr(z5,)| < 273,k = 1,2. We get

sup{fe(t15: + 2z, + Ty) 1t 2 € [-1,1],y € By} < 27k =1,2.

Let {w};2;, C Bx be such that {v|, s,)};2, is a 27%-net in By r.. Put
L3 = L1 N [z, iy 94=1...n, and choose f3 € Sy, such that ||T* fs]| < 274
By using that F is a w*-limit point of {;}72, and fi. fo.f3 € Ker F, find a
iz i3 > o, with | fr(zi,)l <274k =1,2,3. We get

sup{fe(tizi, +224, + 32, + Ty) 1 ti,tots € [-1, 1],y € By} <275,k =1,2,3.
Let {v};2, C Bx be such that {vliy, f,.5,1}2, is @ 27%-net in By, 4, - It

is clear how to continue this construction. In this way we get a basic sequence
{fr}32, C Sx- and a subsequence {z;, }7, such that

(3.1) sup {fm (ka:,'k + Ty) it €[-1L1ye By} <2 ™

k=1
holds for any n and m.
We show that codim([z;, ]2, +T(Y)) = oc. Put E = 2,172, 4 ¥ and define
A E — X as follows:
Alx+y)=x+Ty, z€[x]2,, yel.

In view of Lemma 3.9 we have to check that for any subspace L C X* of finite
codimension and for any = > 0 there is an f € Sp with ||A*f]| < ¢, i.e.,

[>e] o0
sup {f(Ztk:ik + Ty) : Ztk:?-k S BE:»‘;JZZI’ZJ € BY} <.
k=1 k=1

Let @ and b be the basis constants of the bases { fr} and {z;, } respectively. Since
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codim L = oo it follows that for any m there is an f =3 > cnfn € Sg. Write

}f(gtkzik +Ty>’ < ( i cnfn) (g%m) + I( i Cnfn) (T?J)‘

<4ab Z |cn /2| fn(Z(tk/Qb)zik)
n=m k=1

+2 Y /2T £

n=m

x> o0
<dab Y 27" +2a Yy 27" < 4ab27™Fl 42027
n=m n=m

By taking m large enough we complete the proof that codim([z;, |52, + T(Y)) =
codim A(E) = oco.

Take any basic sequence {zx} C Sx and let {ex} be a stability sequence of
this basic sequence. Apply Lemma 3.10 and find sequences {7} and {yx} such
that ||ag — ykl| < €k, k= 1,2,.... and

(3.2) cleo{Evrur}iz, N A(E) = {0}

In particular, {yx} is a basic sequence. Without loss of generality we may assume
that {yx} is a stability sequence of a basic sequence {z;, } and > o, v < oo.
Put ugp = 2z, + Yyx. k = 1,2,.... Clearly, {ux} C X is a basic sequence with
lim||z;, — ug|] = 0. Check that [ug] N T(Y) = {0}. Let u = > apur € T(Y).
We have u = Y apur = Y, arzi, + 3. axveyx € T(Y), and hence Y~ arveyx =
u— Y agz, € A(E). By (3.2), 3 apveyr = 0. Since {yi} is a basic sequence it
follows that ax, =0, k =1,2,..., i.e., u = 0 and the proof is complete. |

Remark: The condition that {z}{2, has a w*-limit point F € X**~ X is not
essential. Lemma 3.11 remains true without this condition. Indeed, if a basic
sequence {z;} C X does not have w*-limit points in X** \ X, then it w-converges
to 0 and the same proof works.

Proof of Theorem 3.8: Let T:' Y — X be a bounded linear operator from a
Banach space Y into X with T(Y) # X. Put A= X ~T(Y), and consider two
cases according to Lemma 3.8.

CASE 11 codimT(Y) < oo, and T(Y) is a proper closed subspace of X. Then
Bx NT(Y) is not norming. By Proposition 3.3 the set A has (**), and thus also
(*) by Corollary 3.6.
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CASE 2: codimT(Y) = co. Assume to the contrary that there is a B C Sx-«
such that, for any x € X N T(Y'), there is an f € B with f(z) = ||2|| but clco B #
Bx-. Let F' € Sx.« be such that sup{F(f): f € B} <1-a,a > 0. Since X is
separable and does not contain {; it follows from the Odell-Rosenthal theorem
that there is a sequence {z;}72, C Sx with w*lim; z; = F. It is well-known that
such a sequence contains a basic subsequence. Without loss of generality we may
assume that {z;}52, is basic. By Lemma 3.11 there is a sequence {ux}2; in X
such that [ug]NT(Y) = {0} and limy, |Ju, ~ 2] = 0. Clearly, F' = w* limg uy. Put
E = [ug); then B|g is a boundary for Bg+. By Corollary 2.4, clco Blg = Bg-.
Since F € w*clE = E** and ||F|| = 1 we deduce that

sup{F(g): g € B} =sup{F(g): 9 € Blg} =sup{F(g) : g€ Bg-} =1.

This, however, contradicts the choice of F'. |

4. On the set of functionals that do not attain their norms

In this section we prove several results on the size of the set X* \¥(By) for
non-reflexive X. We use here the technique developed in Section 3.

THEOREM 4.1: Let X be a separable non-reflexive Banach space with unit ball
Bx. Leta € (0,1),e > 0 witha(1+2¢) < 1,let 0 < &; < ¢ for all i withlim;e; =0
and let {x;}52, C X. Put D; = Sx N (x; + aBx),i =1,2,.... Assume that E is
a closed subspace of X* with ¢(X) # E*, where ¢: X** — X**/E+ = E* is the
natural quotient map. Then there exists an h € Sg with

sup{h(y):y € D;} <1—¢;, 1=1,2,....

Proof: Without loss of generality we may assume that |[z;]] < 2 for all 7 and
that {z;}22, is dense in 2Bx. Assume to the contrary that for any h € Sg there
is an ¢ such that sup{h(y) :y € D;} > 1 —¢;.

Take 3 € (0,1) so that

(4.1) r={(1+2)a+2(1-5))/8<1,
and put
(4.2) Ci = {¢(z)/||o(x)]| : x € Dy, ||¢(x)|| > B}

and B = (J2, C; (we consider X in a natural way as a subspace of X** so ¢ is
defined also on X). For any e € Sg there is an x € Sy with e(z) = ¢(x)(e) and
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[|#(x)]] as close to 1 as we wish. It follows that w*clco B = Bp-. Fix an i and
z € C;, where = = ¢(x}/||¢(x)|l, z € Dy, ||¢(z)|| > 8. We have

(@) ) | e -
I~ ote0ll = |G ~ faan * oo ~ 40l < /42 -

Hence by (4.1)

(4.3) w* cleoC; C d(a;) + ﬁBg- C o(x:) + T +r2€i Bg-.

Define now the sets V* and V as in Lemma 3.4, i.e., put

o0
V* =w*clco U(l +2¢;)C;, V={reE:sup{f(z): feV*}<1}.
=1
By Lemma 3.4, (i), V C Bg C (14 2¢)V.
Next we claim that V' C int Bg. Indeed, if h € Sg then by assumption we
have, for some 4, sup{h(y):y € D;} > 1 —¢;. Hence

sup{h(z) :x € (1+2¢,)C;} > sup{hly) :y € (1+2¢;)D;} > (1421 —¢5) > 1,

and thus h ¢ V.
By Lemma 3.4, (ii), we deduce that for g € (V) N dV* there is a finite { so

that
!

g €co U w” cleo(l + 2¢;)C;
i=1
and thus by (4.3)
d(g.4(X) < < 1.

Since cl¢(X) is a proper subspace of E* it follows from the Riesz lemma that
there is a k € Sg- with d(k, ¢(X)) > r. We have that V* D Bg», thus for some
A > 1, Ak € 0V*. By the Bishop—Phelps theorem there is a g € 3(V)NoV* which
is close to Ak so that d(g,#(X)) > r. We have thus arrived at a contradiction.
|

Remark: The assumption in the statement of Theorem 4.1 clearly holds if we
take F = X*. The condition ¢(X) # E* is essential. Put X = Z* for some
Banach space Z and E = Z C Z** = X*. Then FE C ¥(Bx).

In the previous theorem we dealt with balls of a “large” (close to 1) radius. In
our next result we consider balls with a small radius.
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PROPOSITION 4.2: Let Y be a separable non-reflexive Banach space. Then for
T +:V C By C V.
(with polar set V' in Y* and bipolar set V'* in Y™**) such that, for every F €
oV* NE(V) with d(F,Y") > =, we have

every ¢ > 0 there exists a closed convex body V, C Y with

F)y={f€dV :F(f)=1} CY*"~S(By).

Proof: Use Lemma 3.4 for X = Y*,B = Sy(C X* = Y*) and C; =
(15 +5 By )NSy where {y;} is a dense subset of Sy. Define V and V* as in Lemma
3.4 and put V, = V*NY. Clearly, V and V* are the polar (resp bipolar) sets of
Vi. By Lemma 3.4 we have V C B) C (1+¢)V and thus 13-V C By C Vi. Let
f €0V and x € Sy be such that f(x) = ||z||. Since Sy = U C; it follows that
x € Cj for some j. Hence (1+4¢;)x € V* and, as f € V, we have fl(l+e5)x) <1
and therefore ||f{| < 1. In other words 9V N ¥(By) C int By. By Lemma 3.4
(if) we get that, for every F € (V) N oV™* with o(F) N T(By) = 0, we have for

some finite [
!

Feco U w*clco (14 ¢,)C;

i=1

and thus d(F,Y) < ¢. 1

Our next result, which uses again the notion of a proper operator range, shows
that in every separable non-reflexive space the set of functionals which do not
attain their maximum on the unit ball cannot be too thin.

THEOREM 4.3: Let X be a non-reflexive separable space. Then the set of
bounded linear functionals on X' which do not attain their norm on By is not a
subset of a proper operator range.

Proof: Assume to the contrary that there is a bounded linear operator T: ¥ —
X* such that T(Y) # X* and each f € X*~T(Y) attains its norm on By.
Consider two cases.

Case 1: codimT(Y) < oo. Then T(Y) is a proper closed subspace of X*
and thus Byx- N T(Y) is not norming for X**. By Proposition 3.3 the cone
A= X*~T(Y) has {(**). Put B = Sx C X**. By our assumption B is a
(separable) Bx- ~T(Y") boundary. Hence, by Corollary 3.6, clco B = By~

which is impossible.

CASE 2: codimT(Y) = oo. Since X is separable and non-reflexive, Bx~ con-
tains a sequence {f,} which w*-converges to 0 but does not have a w-limit point.
Without loss of generality we can assume that {f,} is a basic sequence. Let



172 V. P. FONF AND J. LINDENSTRAUSS Isr. J. Math.

F e X*** X\ X* be a w*-limit point of {f,}. By Lemma 3.11 there are a se-
quence {ux} C X* and a subsequence {f,, } of {f..} so that limg |Jux — fr, || =0
and [u] NT(Y) = {0}. Let G € X*** ~ X* be a w*-limit point of {ux}. Since
{ux} tends w* to 0 it follows that G € X*. Since [ux] N T(Y) = {0} it follows
from our assumption that Sx|f,,] (considered as a subset of [u;]*) is a separable
boundary for [u]. By Corollary 3.6, By,j- is the closed convex hull of Sx [f,]-
However, G € w* cl[ug] = [ux]**, G # 0 and G|x = 0. We have thus arrived at a
contradiction. |
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